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ABSTRACT
So far, several physical models have been proposed for the study of
vocal fold oscillations during phonation. The parameters of these
models, such as vocal fold elasticity, resistance, etc. are traditionally
determined through the observation and measurement of the vocal
fold vibrations in the larynx. Since such direct measurements tend
to be the most accurate, the traditional practice has been to set the
parameter values of these models based on measurements that are
averaged across an ensemble of human subjects. However, the direct
measurement process is hard to revise outside of clinical settings.
In many cases, especially in pathological ones, the properties of
the vocal folds often deviate from their generic values—sometimes
asymmetrically wherein the characteristics of the two vocal folds
differ for the same individual. In such cases, it is desirable to find a
more scalable way to adjust the model parameters on a case by case
basis. In this paper, we present a novel and alternate way to determine
vocal fold model parameters from the speech signal. We focus on
an asymmetric model and show that for such models, differences
in estimated parameters can be successfully used to discriminate
between voices that are characteristic of different underlying vocal
fold pathologies.
Index Terms— Asymmetric vocal fold models, vocal fold parameterization, voice pathologies, voice profiling, nonlinear dynamics
1. INTRODUCTION
Phonation is the process wherein the vocal folds in the larynx are set
into a state of self-sustained vibration, causing an excitation signal to
be produced at the glottal source. This signal resonates in the vocal
tract of the speaker and, depending on the shape of the vocal tract and
the configuration of the articulators (tongue, lip, jaw, etc.), is heard
as a characteristic voiced sound by the listener. Phonation is thus
important in the production of all vowels and all voiced consonants
in all languages of the world.
As per the myoelastic-aerodynamic theory of phonation, the selfsustained vibrations of the vocal folds are initiated and driven by
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a delicate balance of physical and aerodynamic forces across the
glottis [1]. The actual movements are governed by various biomechanical properties of the vocal folds such as elasticity, resistance,
Young’s modulus, viscosity, etc. In pathological cases such as vocal
palsy, phonotrauma, neoplasm, etc., these properties of the vocal
structures vary from their generic settings [2]. These often cause the
movements of the vocal folds to become asymmetric [3]—where the
movements of the left and right folds are out of sync—in a manner
that is characteristic of the underlying pathology.
The premise of our paper is that if these movements of the vocal
folds and the underlying parameters of the system that produces them
could be recovered from the speech signal, the underlying pathologies
too could be identified1 . In order to do so, we must consider the
actual physics of the vocal-fold movements, how they influence its
movements, and how these manifest in the speech signal itself.
The exact physics of the airflow through the glottis during phonation is well studied, e.g., [4, 5, 6, 7, 8, 9], and a number of physical
models have been proposed for it, e.g., [5, 10, 11, 12, 13, 14, 15, 16].
The models use measured biomechanical properties of the vocal folds
within a set of equations that capture the movements of the glottis
during phonation. Since the vocal fold dynamics are non-linear, the
models are systems of coupled non-linear dynamical equations as
well. They output a phase space trajectory of state variables that
describes the movements of the folds. The trajectories tend to fall
into orbits with regular or irregular behaviors, which actually explain
observed behavior patterns of the vocal folds. The possible types and
distributions of these orbits depend on the system parameters. To explain asymmetric movements of vocal folds, such as those seen under
pathologies, asymmetric dynamical models of the vocal folds have
been proposed that are able to emulate these asymmetric vibratory
motions of the vocal folds [17].
While these models effectively solve the forward problem of
accurately emulating vocal fold movements during phonation, the
reverse problem of finding the correct model parameters given a set of
observed vocal fold movements has not been addressed. We develop
a methodology to solve it based on the analysis of the speech signal.
Given a model for asymmetric movements of the vocal folds and a
set of speech signals from people affected by various pathologies that
affect vocal fold movements, we propose a method to estimate the
parameters of the asymmetric model that explains them. We further
show how the re-estimated model parameters can be mapped into the
phase space of the nonlinear dynamical systems, and how the location
1 Note that this diverges from the traditional approach of classifying these
through analysis of the surface-level waveform. However, it is not our intention
in this paper to build a better mousetrap, but to present a new problem—that
of uncovering vocal fold dynamics—that naturally leads to a new paradigm.

We adopt the specific formulation of the 1-mass asymmetric model
from [20]. This model incorporates an asymmetry parameter, which
describes the asymmetry in the oscillation of left and right vocal
folds. The key assumptions made in formulating this model are: a)
the degree of asymmetry is independent of the oscillation frequency,
b) the glottal flow is stationary, frictionless and incompressible, c) the
effect of source-vocal tract interaction is eliminated, d) there is no
glottal closure and hence no vocal fold collision during the oscillation
cycle, and e) the small-amplitude body-cover model is applicable.
Following [20] denote the center-line of the glottis as the z-axis.
At the midpoint (z = 0) of the thickness of the vocal folds, the left
and right vocal folds oscillate with lateral displacement ξl and ξr ,
resulting in a pair of coupled Van der Pol oscillators
Fig. 1: Schematic of the balance of forces through one cycle of the selfsustained vibrations of the vocal cords. The color codes for the arrows depict
net forces due to the following: Pink–muscular; Green–Bernoulli effect;
Yellow–Coandǎ effect; Blue–vocal fold elasticity and other factors; Black and
Red–air pressure. Lighter shades of each color depict lower forces. Figure
from [16] with permission.

∆
ξ¨r + β(1 + ξr2 )ξ˙r + ξr − ξr = α(ξ˙r + ξ˙l )
2
∆
2
ξ¨l + β(1 + ξl )ξ˙l + ξl + ξl = α(ξ˙r + ξ˙l ),
2

of these parameters in the parameter space of the model can directly
indicate the underlying pathology in the observed speech signal.

where β is the coefficient incorporating mass, spring and damping
coefficients, α is the glottal pressure coupling coefficient, and ∆ is
the asymmetry coefficient. For a male adult with normal voice, the
reference values for the model parameters may be α = 0.5, β = 0.32
and ∆ = 0.

2. PHONATION AND THE VOCAL FOLDS MODEL
At the biomechanical level, phonation happens as a result of a specific
pattern of events in the glottal region. The vocal folds are membranes
that are set into vibratory motion as a result of a complex interplay
of forces in the vocal tract. These relate to a) pressure balances and
airflow dynamics within the supra-glottal and sub-glottal regions, and
b) muscular control within the glottis and the larynx. Specifically,
during phonation, the vocal folds can vibrate hundreds of times per
second. Such oscillations are self-sustained, a physical process driven
by the right balance of opposing forces acting on it and set into motion
as a result of a chain of events in the laryngeal region [6]. The balance
of forces necessary to cause self-sustained vibrations is created by
two physical phenomena: the Bernoulli effect and the Coandǎ effect.
Figure 1 illustrates the interaction between these effects that drives
the oscillations of the vocal folds.
2.1. The asymmetric vocal folds oscillation model
To model phonation, computational models of vocal folds have been
developed, including four broad types: 1-mass models, e.g. [11],
2-mass models, e.g. [5, 10], multi-mass models [13], and finite element models [12]. Each of these have proven to be useful in different contexts. For the purpose of this study, the 1-mass body-cover
model [6, 18, 19, 20] is of particular interest. It assumes that a glottal
flow-induced mucosal wave travels upwards within the transglottal
region, causing a small displacement of the mucosal tissue, which
attenuates down within a few millimeters into the tissue as an energy
exchange happens between the airstream and the tissue [6]. This
allows us to represent the mucosal wave as a one-dimensional surface
wave on the mucosal surface (the cover), and treat the remainder
of the vocal folds (the body) as a single mass or safely neglect it.
Under this assumption, the oscillation model can be linearized, and
the oscillatory conditions are much simplified while maintaining the
accuracy of the model.
In most vocal pathologies, it has been observed that the vocal
fold vibrations are not symmetrical [14]. Thus the asymmetric vocal
fold model is ideally suited to modeling the pathological phonation.

(1)

3. PHASE SPACE OF THE ASYMMETRIC MODEL
To study the behaviors of nonlinear dynamical systems such as (1),
we introduce some useful concepts and tools. The output variables
of a dynamical system are also referred to as state variables, as
they identify the current state of the system. The phase space of a
system is the space whose coordinates are its state variables. We can
denote such system as (T, M, Φ), where T = R≥0 is non-negative
real time, the phase space M is a differentiable manifold, and Φ :
T × M ⊇ U → M is a continuous evolution function. As the system
evolves through time, the map Φx : T → M is the flow or trajectory
through x ∈ M , and the set of all flows γx := {Φx : t ∈ T } is the
orbit of x [21].
The behaviors of flows can be described by attractors—a set A ⊆
M that “traps” the orbit γx , i.e., starting from initial point x, there
exists a t0 such that Φx (t) ∈ A for t > t0 . The simplest attractor
is an equilibrium point. But we are particularly interested in those
attractors revealing the periodic motion of the flow in phase space.
Such attractors include the limit cycle or the limit torus, which is an
isolated periodic or toroidal orbit. Some other attractors are chaotic,
whose trajectories diverge with arbitrarily close initial positions [22,
23]. The phase space of the system may include multiple attractors,
the number, location, and type of which depend on its parameters.
Periodic attractors reveal the stability of the system. To dissect
the structure of attractors, we use the Poincaré map. For an ndimensional phase space with a periodic orbit γx , a Poincaré section
S is an (n − 1)-dimensional section (hyper-plane) transversal to γx ,
and the Poincaré map on S is a map P : S ⊇ U → S, x 7→ Φx (ts ),
where ts is the time between two intersections [21]. We also want
to study how the topological structure, including attractors, of phase
space change with system parameters. This leads to the study of bifurcation, which occurs when a small change of a model parameter
causes an abrupt change of the topological structure. A bifurcation diagram is a visualization of the parameter space of the system showing
the number (and behavior) of attractors at each parameter setting.

Fig. 2: Bifurcation diagram of the asymmetric vocal fold model. It shows
the entrainment ratio n : m (coded as different shades) as a function of model
parameter α and ∆, where n and m are the number of intersections of the
orbits of right and left oscillators across the Poincaré section ξ̇r,l = 0 at
stable status. This is consistent with the theoretical results in [20]. The phase
portraits for point A, B, C are shown alongside, where the horizontal axis is
displacement, and the vertical axis is velocity.

ods. Our proposed solution comprises an Adjoint Least-Squares
method, which we call ADLES for brevity, to estimate model parameters directly from speech measurements.
First, we formulate our objective. The vibration of vocal folds
oscillates the air particles at the glottal region, producing a pressure
wave that propagates through the upper vocal channel into the open air.
This pressure wave is considered planar when its frequency is under
4 KHz [31], and hence a function of position x ∈ Ω := [0, L] and
time t ∈ T := [0, T ]—p(x, t) ∈ L2 (Ω × T ), where L is the length
of the upper vocal channel. The acoustic pressure pL (t) := p(L, t),
which represents the speech signal measured by a microphone near
the mouth, is a result of the pressure wave p0 (t) := p(0, t) at the
glottis modulated by the upper vocal channel. If we denote the effect
of upper vocal channel as a filter
F :L2 (T ) → L2 (T )
p0 (t) 7→ pL (t),
we can deduce p0 (t) from pL (t) using inverse filtering [32]
p0 (t) = F −1 (pL (t)).

3.1. Physical interpretation of phase space of asymmetric model
Back to our context, the dynamical system of concern is the asymmetric vocal folds model (1). Its phase space, which is four-dimensional,
includes states (ξr , ξ˙r , ξl , ξ˙l ). For this nonlinear system, it is expected that attractors such as limit cycles or toruses will appear in the
phase space. Such phenomena are consequences of specific parameter
settings. Specifically, the parameter β determines the periodicity of
oscillations; the parameter α and ∆ quantify the asymmetry of the
displacement of left and right vocal folds and the degree to which
one of the vocal folds is out of phase with the other [3, 20]. We can
visualize them by plotting the left and right displacements as well as
the phase space portrait.
The coupling of right and left oscillators is described by their entrainment; they are in n : m entrainment if their phase θr , θl satisfy
|nθr − mθl | < C where n, m are integers and C is a constant [20].
Such entrainment can be shown by the Poincaré map, where the number of crossings of the trajectory of right or left oscillator with the
Poincaré section shows the periodicity of its limit cycles. Therefore,
their ratio represents the entrainment. To show how the entrainment
changes with parameters, we plot the bifurcation diagram. An example of such a bifurcation diagram is shown in Figure 2 [3, 10]. As we
will see later (and as indicated in Figure 2), model parameters can
characterize voice pathologies, which will also be visible in phase
portrait and bifurcation plots.

(4)

Let A(x) be the area function of the vocal channel for x ∈ [0, L]
and A(0) represent the cross-sectional area at the glottis. The corresponding volume velocity u0 (t) through the vocal channel is given
by
A(0)
u0 (t) =
p0 (t),
(5)
ρc
where c is the speed of sound and ρ is the ambient air density. As a
result, given a measured speech signal pm (t), we have
um
0 (t) =

A(0) −1
F (pm (t)).
ρc

(6)

Alternatively, we can derive u0 (t) from the displacement of vocal
folds by
u0 (t) = c̃d (2ξ0 + ξl (t) + ξr (t)) ,
(7)
where ξ0 is the half glottal width at rest and is set to 0.1 cm, d is the
length of vocal fold and is set to 1.75 cm, and c̃ is the air particle
velocity at the midpoint of the vocal fold. Our objective is then to
minimize the difference
Z T
2
min
(u0 (t) − um
(8)
0 (t)) dt ⇔
0

Z

T


c̃d (2ξ0 + ξl (t) + ξr (t)) −

min
0

A(0) −1
F (pm (t))
ρc

4. PARAMETER ESTIMATION FOR THE MODEL
Finding the parameters of any physical model that emulates vocal fold
oscillations is not trivial. For this, one must acquire measurements
of the vocal fold displacements, which in turn require either highspeed photography [24] or physical or numerical simulations [12, 25],
which are often not easily accessible. Even with the measurements,
estimating the model parameters remains hard. The problem itself is
commonly termed as the inverse problem [26], and is usually solved
via iterative matching procedures [27, 28, 29], stochastic optimization
or heuristic procedures [13, 30].
We propose a method for solving the inverse problem that bypasses the difficulties inherent in traditional methods: namely that of
either obtaining direct measurements of vocal fold displacements or
of the complexity of solving inverse problems using traditional meth-

(2)
(3)

2
dt,
(9)

such that
∆
ξ¨r + β(1 + ξr2 )ξ˙r + ξr − ξr = α(ξ˙r + ξ˙l )
2
∆
2
ξ¨l + β(1 + ξl )ξ˙l + ξl + ξl = α(ξ˙r + ξ˙l )
2
ξr (0) = Cr
ξl (0) = Cl
ξ˙r (0) = 0
ξ˙l (0) = 0,
where Cr and Cl are constants.

(10)
(11)
(12)
(13)
(14)
(15)

4.1. The Adjoint Least Squares solution

setting

To solve the functional least squares in (9), we require the gradients
of (9) w.r.t. the model parameters α, β and ∆. Subsequently we
can adopt any gradient based (local or global) method to obtain
the solution. Denote the residual R = c̃d (2ξ0 + ξl (t) + ξr (t)) −
A(0) −1
F (pm (t)); then f (ξl , ξr ; ϑ) = R2 , and F (ξl , ξr ; ϑ) =
R ρc
T
f (ξl , ξr ; ϑ)dt, where ϑ = [α, β, ∆]. We define the Lagrangian
0
T

(23)

At t = T :
λ(T ) = 0

(24)

λ̇(T ) = 0
η(T ) = 0
η̇(T ) = 0.

(25)
(26)
(27)




∆
2 ˙
¨
˙
˙
L (ϑ) =
f + λ ξr + β 1 + ξr ξr + ξr − ξr − α ξr + ξl
2
0

with initial conditions



∆
+ η ξ¨l + β 1 + ξl2 ξ˙l + ξl + ξl − α ξ˙r + ξ˙l
dt
2
+ µl (ξl (0) − Cl ) + µr (ξr (0) − Cr ) + νl ξ˙l (0) + νr ξ˙r (0),
(16)
Z



For 0 < t < T :


∆
λ̈ + 2βξr ξ˙r + 1 −
λ + 2c̃dR = 0
2


∆
η + 2c̃dR = 0
η̈ + 2βξl ξ˙l + 1 +
2

β 1 + ξr2 λ − α (λ + η) = 0

β 1 + ξl2 η − α (λ + η) = 0,

where λ, η, µ and ν are Lagrangian multipliers. Taking the derivative
of the Lagrangian w.r.t. the model parameter α yields
Lα =

T

Z

[2c̃dR(∂α ξl + ∂α ξr )
0



+ λ ∂α ξ¨r + 2β ξ˙r ξr ∂α ξr + β 1 + ξr2 ∂α ξ˙r

 

∆
˙
˙
˙
˙
+ ∂α ξr − ∂α ξr − α ∂α ξr + ∂α ξl − ξr + ξr
2


+ η ∂α ξ¨l + 2β ξ˙l ξl ∂α ξl + β 1 + ξl2 ∂α ξ˙l
 


∆
+ ∂α ξl + ∂α ξl − α ∂α ξ˙r + ∂α ξ˙l − ξ˙r + ξ˙r
dt
2
+ µl ∂α ξl (0) + µr ∂α ξr (0) + νl ∂α ξ˙l (0) + νr ∂α ξ˙r (0). (17)
Integrating the term λ∂α ξ¨r twice by parts yields
T

Z

λ∂α ξ¨r dt =

T

Z

∂α ξr λ̈dt − ∂α ξr λ̇|T0 + ∂α ξ˙r λ|T0 .

(18)

T

(28)

The derivatives of F w.r.t. β and ∆ are similarly obtained as
Z T
 

Fβ =
1 + ξr2 ξ˙r λ + 1 + ξl2 ξ˙l η dt

(29)

0

Z
F∆ =
0

T
1
2

(ξl η − ξr λ) dt.

(30)

Having calculated the gradients of F w.r.t. the model parameters, we
can now apply gradient-based algorithms to optimize our objective
(9). For instance, applying gradient descent, we have



+ (νr − λ) ∂α ξ˙r (0) + λ∂α ξ˙r (T )
+ (µl + η̇) ∂α ξl (0) − η̇∂α ξl (T )
+ (νl − η) ∂α ξ˙l (0) + η∂α ξ˙l (T ).

β k+1 = β k − τ β Fβ
(31)

where τ · is the step-size. The overall algorithm is summarized as
follows:
1. Integrate (10) and (11) with initial conditions (12), (13), (14)
and (15) from 0 to T , obtaining ξr , ξl , ξ˙r , and ξ˙l .




∆
λ̈ + 2βξr ξ˙r + 1 −
λ + 2c̃dR ∂α ξr
2
0




∆
+ η̈ + 2βξl ξ˙l + 1 +
λ + 2c̃dR ∂α ξl
2

2
+ β(1 + ξr )λ − α(λ + η) ∂α ξ˙r

+ (β(1 + ξl2 )η − α(λ + η) ∂α ξ˙l
i
−(ξ˙r + ξ˙l )(λ + η) dt


+ µr + λ̇ ∂α ξr (0) − λ̇∂α ξr (T )
Z

(22)

0

∆k+1 = ∆k − τ ∆ F∆ ,

Applying the same to η∂α ξ¨l , substituting into (17) and simplifying
the final expression we obtain
Lα =

(21)

αk+1 = αk − τ α Fα

0

0

As a result, we obtain the derivative of F w.r.t. α as
Z T 

Fα =
− ξ˙r + ξ˙l (λ + η)dt.

(20)

2. Solve (20), (21), (22) and (23) with initial conditions (24),
(25), (26) and (27) from T to 0, obtaining λ, λ̇, η, and η̇.
3. Update α, β, and ∆ with (31).
5. EXPERIMENTS

(19)

Since the partial derivative of the model output ξ w.r.t. the model
parameter α is difficult to compute, we eliminate the related terms by

In our experiments, we show the validity of our proposed ADLES
method by using it to estimate the asymmetric model parameters
for clinically acquired pathological speech data. We show that the
estimated parameters can then be effectively used to characterize the
vocal disorders represented in our experimental data.
The dataset used in our experiments is the FEMH dataset [2].
It has 200 voice samples of sustained vowel sound /a:/ obtained
from a voice clinic in a tertiary teaching hospital, which includes 50
normal voice samples and 150 samples of common voice disorders.
Within the disordered samples, there are 40/60/50 samples for glottis

(a)

Fig. 3: Glottal flows from inverse filtering and our ADLES estimation for (a)
normal speech, (b) neoplasm, (c) phonotrauma, (d) vocal palsy.

Table 1: Parameters obtained and pathologies identified through ADLES
α

< 0.5
∼ 0.6
∼ 0.6
∼ 0.85

> 0.25
∼ 0.35
∼ 0.3
∼ 0.4

Phase Space Behavior

Pathology

1 limit cycle, 1 : 1 entr.
1 limit cycle, 1 : 1 entr.
2 limit cycles, 1 : 1 entr.
toroidal, n : m entr.

Norml.
Neopl.
Phntr.
VclPs.

(c)
(d)
Fig. 4: Phase portraits of the system from our ADLES estimation for (a)
normal speech–1 limit cycle, (b) neoplasm–1 limit cycle, (c) phonotrauma–2
limit cycles, (d) vocal palsy–limit torus. In each panel the left plot shows ξl
vs ξr and the right plot shows ξ̇l vs ξ̇r .

neoplasm, phonotrauma (including vocal nodules, polyps, and cysts),
and unilateral vocal paralysis, respectively.
Figure 3 shows the glottal flow obtained by inverse filtering,
and those obtained by the asymmetric model with the parameters
estimated by our ADLES method. We observe a consistent match,
showing the accurateness of our estimations. Figure 4 shows phase
portraits of the right and left vocal folds obtained with our ADLES
method. We observe distinctive attractor behaviors for different types
of pathologies. Table 1 shows the results of deducing voice pathologies by simple thresholding of parameter ranges. It validates that with
our ADLES method, we can accurately estimate model parameters
and phase space behaviors, and further use them to classify voice
pathologies. Specifically, the ranges of model parameters in each row
of Table 1 correspond to regions in the bifurcation diagram in Figure 2. Each region has distinctive attractors and phase entrainment,
representing distinct vocal fold behaviors, and thereby indicating
different voice pathologies. By extracting the phase trajectories for
the speech signal and thereby the underlying system parameters, the
ADLES algorithm is able to place the vocal-fold oscillations in the
speech on the bifurcation diagram, and thus deduce the pathology.

∆

(b)

Accuracy
90%
82%
95%
89%

6. CONCLUSIONS
The oscillatory dynamics of vocal folds provides a tool to analyze
different phonation phenomena, which in turn characterize different
types of voice disorders. In this paper, we have proposed an ADLES
method to promote accurate and efficient recovery of the parameters
of an asymmetric vocal folds model directly from the speech signal.
This allows us to correctly solve for the oscillatory dynamics of the
vocal folds for the specific speech signal. But more importantly, the
parameters estimated for the model directly allow us, through the
bifurcation map, to predict voice pathology. Moreover, the ADLES

method significantly alleviates the difficulty of obtaining actual measurements of vocal fold displacements in clinical settings. It can thus
be a valuable aid in the diagnosis of different voice pathologies.
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